Abstract. S. Bauer and M. Furuta defined a stable cohomotopy refinement of the Seiberg-Witten invariants. In this paper, we prove a vanishing theorem of Bauer-Furuta invariants for 4-manifolds with smooth Z 2 -actions. As an application, we give a constraint on smooth Z 2 -actions on homotopy K3#K3, and construct a nonsmoothable locally linear Z 2 -action on K3#K3. We also construct a nonsmoothable locally linear Z 2 -action on K3.
Introduction
F. Fang proved a mod p vanishing theorem of Seiberg-Witten invariants under a cyclic group action of prime order p [11] . This theorem, later extended by the author [25] , is used when X. Liu and the author constructed nonsmoothable locally linear group actions on elliptic surfaces in [19, 21] .
On the other hand, S. Bauer and M. Furuta defined a stable cohomotopy refinement of the Seiberg-Witten invariants [5, 3] . In general, Bauer-Furuta invariants may be non-trivial even if ordinary Seiberg-Witten invariants are trivial [2, 3, 13] .
In this paper, we investigate Bauer-Furuta invariants under involutions. In fact, we prove a vanishing theorem of Bauer-Furuta invariants for 4-manifolds with smooth Z 2 -actions. As an application, we give a constraint on smooth Z 2 -actions on homotopy K3#K3, and construct an example of locally linear action on K3#K3 which can not be smoothed.
To state out results, we need some preliminaries. Let X be an oriented smooth 4-manifold with an orientation-preserving smooth Z 2 -action. Fixing a Z 2 -invariant metric on X, we have a Z 2 -action on the frame bundle. Suppose that the Z 2 -action on X lifts to a Spin c -structure c over X. Fix a Z 2 -invariant connection A 0 on the determinant line bundle L of c. Then the Dirac operator D A 0 associated to A 0 is Z 2 -equivariant, and the Z 2 -index of D A 0 can be written as ind Z 2 D A 0 = k + C + + k − C − ∈ R(Z 2 ) ∼ = Z[t]/(t 2 − 1), where C + (resp. C − ) is the complex 1-dimensional representation on which the generator of Z 2 acts by multiplication of +1 (resp. −1), and R(Z 2 ) is the representation ring of Z 2 .
Let b i be the i-th Betti number of X and b + the rank of a maximal positive definite subspace H + (X; R) of H 2 (X; R). For any group G and any G-space V , let V G be the fixed point set of the G-action. Let b [5] . Note also that, when d(c) = 1 and b 1 = 0, the ordinary Seiberg-Witten invariant is trivial by definition.
The strategy of the proof of Theorem 1.1 is inspired by Bauer's arguments in [4] . The monopole map of a spin structure is Pin(2)-equivariant, and to analyse the monopole map, Bauer made use of the equivariant obstruction theory on Bredon cohomology. In fact, he proved that images of the forgetting map from a Pin(2)-equivariant stable cohomotopy group to S 1 -equivariant one are multiples of 2, which implies that the value of the SeibergWitten invariant is even in some situations.
When a Z 2 -action on the Spin c -structure is given, we have a Z 2 × S 1 -action on the monopole map, instead of the above Pin(2)-action. By calculating Bredon cohomology groups explicitly, we can show the required vanishing of the Bauer-Furuta invariant.
As an application of Theorem 1.1, we construct a nonsmoothable locally linear Z 2 -action on K3#K3. (Cf. [19, 21] .) Theorem 1.3. There exists a locally linear Z 2 -action on X = K3#K3 which can not be smooth with respect to any smooth structure on X.
To prove Theorem 1.3, we basically follow the strategy of [19, 21] ; In the first step, we give a constraint on smooth actions. In the second step, we construct a locally linear action which would violate the constraint.
To obtain a constraint on smooth actions, we use Theorem 1.1 together with the nonvanishing result of the Bauer-Furuta invariant of K3#K3 by Furuta, Kametani and Minami [13] . On the other hand, to construct a locally linear action, we invoke a realization theorem due to A. L. Edmonds and J. H. Ewing [10] .
As a byproduct of our argument, we also have:
There exists a locally linear Z 2 -action on K3 with isolated fixed points satisfying b Z 2 + = 3 which can not be smooth with respect to any smooth structure on K3. Remark 1.5. J. Bryan proved every smooth Z 2 -action on K3 with isolated fixed points satisfies b Z 2 + = 3 [7] . Moreover, the nonsmoothable involution in Theorem 1.4 has the same fixed point data and action on the K3 lattice as a symplectic automorphism of order 2 on K3 called Nikulin involution( [24] , Section 5).
The proof of Theorem 1.4 is parallel to that of Theorem 1.3. The difference is that the G-spin theorem gives a sufficient constraint on smooth involutions in this case.
The paper is organized as follows. In Section 2, we give a brief review on Bauer-Furuta invariants, in particular, a description of the invariants as obstruction classes. In Section 3, we review on the equivariant obstruction theory. In Section 4, we prove our main theorem (Theorem 1.1). In Section 5, we explain the applications (Theorem 1.3 and Theorem 1.4).
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Bauer-Furuta invariants
The purpose of this section is to give a brief review on Bauer-Furuta invariants. (See [5, 3, 26] for details.) 2(i). Equivariant Bauer-Furuta invariants. Suppose that a 4-manifold X with a Z 2 -action satisfies conditions in Theorem 1.1. Let S + and S − be the positive and negative spinor bundle of the Spin c -structure c, and L the determinant line bundle. The Seiberg-Witten equations are a system of equations for U(1)-connections A on L and positive spinors φ ∈ Γ(S + ),
where D A denotes the Dirac operator, F + A denotes the self-dual part of the curvature F A , and q(φ) is the trace free part of the endomorphism φ ⊗ φ * of S + and this endomorphism is identified with an imaginary-valued self-dual 2-form via the Clifford multiplication.
The action of the gauge transformation group G = Map(X; U(1)) is given by u(A, φ)
is the space of k-forms, Ω + (X) is the space of self-dual 2-forms, and R is the space of constant functions on X. Fix a Z 2 -invariant connection A 0 on L, and let us define the monopole map µ : C → U by
When the lift of the Z 2 -action to the Spin c -structure c is given, µ is Z 2 × S 1 -equivariant. Now we will review on finite dimensional approximations. Decompose the monopole map µ into the sum of the linear part D and the quadratic part Q, i.e., µ = D + Q, where
and Q is the rest.
Theorem 2.2 ([5]
). There exists a finite dimensional linear subspace W f ⊂ U which has the following properties:
(1) W f and images of D spans U, i.e., 
Theorem 2.2 enables us to specify a well-defined class in the following equivariant stable cohomotopy group:
where S V −W is the desuspension of S V by S W which can be identified with the space of maps from S W to S V . Note that the space U is the Z 2 × S 1 -universe which consists of the following representations: C + , C − , R + , R − , where S 1 (⊂ C) acts on C + , C − by multiplication, and on R + , R − trivially, and Z 2 acts on C + , R + trivially, and on C − , R − by multiplication of ±1. 
. In general, it is difficult to calculate stable cohomotopy groups. However, in several cases of S 1 , stable cohomotopy groups {ind D, H + } S 1 are calculated in [5] . In fact, when the virtual dimension d(c) of the moduli of c is 1, we know
is attained by suspension by finite copies of C + , C − and R + :
(If one of k ± is negative, say k + , then add −k + C + to both of V 0 and W 0 to obtain actual representations.) There is a representation V ′ ⊂ U of the form
For the proof, we invoke the equivariant Freudenthal suspension theorem. 
then the suspension map
is bijective.
Proof of Proposition 2.5. The proof is divided into two steps.
(1)For each subgroup H ⊂ G = Z 2 × S 1 such that there is a representation V ⊂ U with V H = 0, by adding copies of V to V ′ if necessary, the following is satisfied:
by adding copies of V to V ′ if necessary, the following is satisfied:
is in stable range by Theorem 2.6. Therefore it suffices to prove that we can take a direct sum of finite copies of C ± or R + as V ′ . First, note that U contains only four types of representation, and therefore the number of orbit types in them is finite. For (1), it suffices to add a direct sum of finite copies of R + to V ′ . For (2), we can prove that it is not necessary to add R − to V ′ under the assumption b + ≥ 2, and it suffices to add a finite sum of C ± or R + to V ′ .
Take a large V ′ as in Proposition 2.5, and put V = V ′ ⊕ V 0 and W = V ′ ⊕ W 0 . We use the following notation. Let V ± R be the R ± -component of V , and V ± C the C ± -component of V , and similarly
, and V R , W C and W R are also similarly defined.
2(ii). Bauer-Furuta invariants as obstruction classes.
In this subsection, we describe (non-equivariant) Bauer-Furuta invariants in terms of ordinary obstruction theory. First, note the following:
by the standard obstruction theory.
Proof. It is clear that H r (S V /S 1 , * ; π r (S W )) = 0 when r < n − 1 or r > n. For sufficient large V , the codimension of S V R in S V /S 1 is also large. Now note that (S V /S 1 , * ) has the same homotopy type as (S
Then we see the rest case when r = n − 1, n.
Then the standard obstruction theory implies the following:
The isomorphism is given by correspondence that
is mapped to the difference obstruction class d(f, 0), where 0 is the map which collapse whole S V to the base point.
Remark 2.10. The subgroup J in Theorem 2.9 is given as follows.
Let us define the map ξ :
, which is the obstruction for deforming f to itself via the homotopy h t . Then J = im ξ.
The meaning of Theorem 2.9 is as follows. If we take a map, say 0, as origin, then the cohomology
) itself is identified with the set of maps modulo homotopies which are fixed on (n − 2)-skeleton. To obtain the required homotopy set given via homotopies which are not necessarily fixed on (n − 2)-skeleton, we need to know when two maps whose difference is represented by an element of the cohomology
) are in fact homotopic. The subgroup J measures this. Note that (2.4) can be proved by calculating J directly.
Thus, when the map f W is a finite dimensional approximation of the monopole map, the Bauer-Furuta invariant BF(c) can be written as the difference obstruction class d(f W , 0).
Equivariant obstruction theory
In some special situations, equivariant Bauer-Furuta invariants can be written as equivariant obstruction classes. In this section, we give a brief review on the equivariant obstruction theory. For more details, see [23, 6, 22, 8] .
3(i). Bredon cohomology. First, we review on Bredon cohomology which is the foundation of the equivariant obstruction theory. Let G be a compact Lie group. We recall the notion of G-CW complex.
We denote the maximal degree of cells in K by cell-dim K. In general, cell-dim K = dim K/G. We need several notions to define Bredon cohomology. Let Abel be the category of Abelian groups. 
Let us consider the category of whole G-coefficient systems, denoted by C G , whose morphisms are given by natural transformations. It is known that C G is an Abelian category ( [20] , p.258). Therefore we can develop homological algebra in it.
Let K be a G-CW complex. We have coefficient systems,
Let M be a G-coefficient system, and define the cochain complex (C
Its cohomology is the Bredon cohomology, denoted by H n G (K; M). The coefficient systems of chain, C n (K), can be identified as follows. Proposition 3.6. We have an isomorphism,
Proof. This follows from
Remark 3.7. Note that
where, for a set S, F S denotes the free Abelian group generated by S. The coefficient system H 0 (G/H) has a special property in the next.
Proposition 3.8. Let M be a coefficient system. There is an isomorphism,
Proof. The inverse is given as follows. Suppose that 
This definition works well due to the following.
This is proved from the fact that the coefficient system H 0 (G/H) is projective, which can be easily seen from Proposition 3.8.
For a G-CW pair (K, L), we have an exact sequence,
When we apply the functor Hom C G ( · , M) to this, the resulting sequence is also exact by Proposition 3.11. Thus we obtain long exact sequences of Bredon cohomology.
In general, it is not easy to calculate Bredon cohomology. However, the following simple case is rather easy. Proposition 3.12 (Cf. [8] , Chapter II, 3). Let G be a compact Lie group, and G 0 its identity component. Let M be a G-coefficient system, and put
Let us consider the complex :
where δ r are determined from connecting homomorphisms of homology of triples
Then the n-th Bredon cohomology
has an ordinary CW complex structure with a cellular G/G 0 -action induced from the G-CW structure on (K, L). In the case of Proposition 3.12, we can calculate the Bredon cohomology of (K, L) from this CW complex structure of (K/G 0 , L/G 0 ) with the G/G 0 -action.
3(ii)
. Equivariant obstruction theory. We can develop equivariant obstruction theory on Bredon cohomology. Let (K, L) be a G-CW pair. Let Iso(K, L) be the set of isotropy groups of K \ L.
Definition 3.14. Fix n ≥ 1. Let Y be a G-space such that, for each closed subgroup
H is non-empty, path-connected and n-simple. Then the coefficient
Suppose that a G-map f :
We ask when f can be extended G-equivariantly overK n+1 . For each (n + 1)-cell σ, the composite map of the attaching map a σ : G/H σ ×S n →K n with f defines an element of π n (Y Hσ ) since f •a σ maps eH σ ×S n into Y Hσ . This correspondence gives a well-defined cocycle,
, there exists f 1 :K n → Y which coincides with f 0 onK n−1 and satisfies β = d(f 0 , f 1 ), where the homotopy is assumed constant.
With these understood, a standard argument proves the following. 
As in §2(i), let f W : S V → S W be a finite dimensional approximation for sufficiently large V and W . If (K, L) = (S V , * ) and Y = S W , and the conditions in Theorem 3.15 are satisfied, then the equivariant Bauer-Furuta invariant BF Z 2 (c) can be identified with the difference obstruction class
Proof of Theorem 1.1
The purpose of this section is to prove Theorem 1.1. The proof of Theorem 1.1 is divided into two steps. The first step proves Bredon cohomology groups vanish in all degrees except the top . Then, by Theorem 3.15, {ind Z 2 D, H + } Z 2 ×S 1 is written in terms of the top-degree Bredon cohomology. The second step compares the top-degree Bredon cohomology with the top-degree ordinary cohomology via the map forgetting the group action, and observes that the forgetting map is the 0-map. Then, it follows that the vanishing of the BauerFuruta invariant, since this is an image of the forgetting 0-map. Our argument is analogous to that in [8] , Chapter II, 4 as well as [4] .
4(i).
Vanishing of Bredon cohomology in low degrees. Recall that we took sufficiently large V and W in §2(i). We assume a Z 2 × S 1 -CW complex structure on (S V , * ) fixed. (Later, we will give a Z 2 × S 1 -CW complex structure on (S V , * ) concretely.)
where, by assuming Z 2 = {±1} and S 1 ⊂ C, Z 2 is the subgroup generated by (−1, 1), and Z 2 generated by (−1, −1).
H is a k-sphere, where k ≥ 1.
Proof. This follows from the fact that W H is a linear subspace of
is well-defined. Now, we prove the vanishing of Bredon cohomology in low degrees.
Proof. Let σ be a k-cell, and ϕ be a k-cochain.
Now suppose that H σ = Z 2 . Note that the condition 2k
On the other hand,
The case when H σ =Z 2 is similar.
4(ii).
Calculation in high degrees. Let (S V ) s be the singular part of S V , that is,
Lemma 4.3. If necessary, by adding several copies of U = C + ⊕ C − to V and W , the following holds.
Proof. This follows from the fact that U Z 2 = C + ⊕{0}, UZ 2 = {0}⊕C − and these subspaces have complex codimension 1 in
Let n = cell-dim S V . Then, Lemma 4.3 and the long exact sequence imply that
for k = n, n − 1. Therefore, by Proposition 3.12,
Recall that we may assume V R contains no R − by Proposition 2.5. Therefore, by giving a Z 2 -CW complex structure on CP(V C ), we can fix that on S V /S 1 via the decomposition (4.5). Now, we give a Z 2 -CW complex structure on CP(V C ). For aC + ⊕ bC − , we denote CP(aC + ⊕ bC − ) by P a,b . We have a filtration as P a,b ⊃ P a−1,b ⊃ P a−2,b if a ≥ 2. Note that
Certainly, this is an open disk. However, Z 2 still acts on it non-trivially. Hence, we need to take a subdivision. It suffices to subdivide
Then, a Z 2 -equivariant subdivision is given as follows:
Let us denote the open disk with the above subdivision by D a−1,b . We may assume a, b ≥ 2, and have the decomposition:
According to the above cell structure, we can write down its (ordinary) chain complex Z 2 -equivariantly.
where ∂ n is given by the matrix over Z as follows,
+ is odd, the Z 2 -action on S W reverses the orientation of S W . Therefore the Z 2 -action on π n−1 (S W ) ∼ = Z is non-trivial. With this understood, we use Proposition 3.12. In fact, by (4.6), we have ker δ n−1 = 0 on the (n − 1)-th cochain group.
4(iii).
Completion of the proof. So far, under the assumptions of Theorem 1.1, we have the following:
. Note that the following commutative diagram:
where φ is the map forgetting the Z 2 -action. Then, a direct calculation shows, (4.9) im φ * = 0.
We have another commutative diagram,
Recall that BF(c) =φ * (BF Z 2 (c)) and φ * is the 0-map. Then, the diagram implies BF(c) = 0. Thus, Theorem 1.1 is established.
4(iv).
Remarks. Before ending this section, we give several remarks.
Remark 4.10. We can give an alternative proof of the mod p vanishing theorem of ordinary Seiberg-Witten invariants in [11, 25] in the case when b 1 = 0 by the same method as in this section.
Remark 4.11. In the case when d(c) = 1, suppose we are given a Z p -action of odd prime p instead of a Z 2 -action. Then some part of arguments in this section also works, however some part does not. For example, under appropriate assumptions on Z p -index of the Dirac operator, we can prove the vanishing of Bredon cohomology groups in low degrees. However, even if the (n−1)-th Bredon cohomology vanishes, (4.9) does not hold. Therefore, we can not expect such a vanishing result of Bauer-Furuta invariants.
Remark 4.12. Also, in the cases when d(c) ≥ 2, it would not be easy to prove such a vanishing result, since (n − 2)-th ordinary cohomology does not vanish.
Remark 4.13. In Theorem 1.1, we supposed that the Z 2 -action on X lifts to a Z 2 -action on c. Now, let us suppose that the Z 2 -action on X only preserves the Spin c -structure c, i.e., ι * c ∼ = c for the involution ι generating the Z 2 -action. Then, ι also preserves the determinant line bundle L. Therefore the Z 2 -action lifts to L by the theorem of Hattori and Yoshida [14] . Let P SO be the frame bundle of X and P U(1) the U(1)-bundle for L. Recall that the Spin c -structure c is given by a double covering P Spin c (4) → P SO × X P U(1) . Since the Z 2 -action on P SO × X P U(1) is given, two cases may occur on the lifting of the Z 2 -action to c. The first case is that the Z 2 -action on X lifts to a Z 2 -action on c as above. We call such a case that the Z 2 -action is even type with respect to c. The second case is that the Z 2 -action on X does not lift as a Z 2 -action on c, however it is covered by a Z 4 -action on c. We call such a case that the Z 2 -action is odd type with respect to c.
In the odd case, the Z 4 -index of the Dirac operator is written as ind Z 4 D A 0 = k 1 C 1 +k 3 C 3 , where C j is the complex 1-dimensional representation of weight j. (This is because the Z 4 -lift of the generator of Z 2 acts on spinors as multiplication by ± √ −1.) In the odd case, we can also prove the following result similar to Theorem 1.1. Theorem 4.14. Suppose the following conditions are satisfied :
(1)
Then the Bauer-Furuta invariant of c is zero.
The proof of Theorem 4.14 is analogous to that of Theorem 1.1. In the odd case, the finite dimensional approximation f W : V → W is Z 4 × S 1 -equivariant, and V and W are direct sums of finite copies of C 1 , C 3 , R ± . Note that every point in V , W have an isotropy which contains a subgroup Z 2 = (g 2 , −1) , where g is a generator of Z 4 . Let
Then f W is G-equivariant. Now, an argument similar as in previous subsections proves Theorem 4.14.
Applications
In this section, we prove Theorem 1.3 as an application of Theorem 1.1. Below, the Euler number of a manifold Y is denoted by χ(Y ), and the signature by Sign(Y ). We assume every manifold is oriented and every Z 2 -action is orientation-preserving, unless stated otherwise.
5(i).
Constraint on smooth actions on K3#K3. Rewriting the condition on the Z 2 -index of the Dirac operator in Theorem 1.1 by the G-index theorem, we can relate fixed point data to the value of the Bauer-Furuta invariant.
Let X be a simply-connected smooth spin 4-manifold with a Z 2 -action. When X is simply-connected, the spin structure on X is unique up to equivalence. Therefore every involution ι : X → X preserves the spin structure and also the Spin c -structure c 0 which is determined by the spin structure. Then, as mentioned in Remark 4.13, ι lifts to c 0 as a Z 2 (even type) or Z 4 (odd type) action.
By [1] , the Z 2 -action is even type if and only if the fixed point set is discrete. Now, for an even-type action, the G-spin theorem [1] claims that
where ε : X Z 2 → {±1} is the sign assignment determined by the lift of the Z 2 -action to c 0 . By solving the above equations, we obtain (5.1)
Note that both k + and k − are even because of the quartanion structure of Dirac index. Note also that the sum ε(p) is a multiple of 8, because 1 8 Sign(X) is even. If the Bauer-Furuta invariant of c 0 is non-trivial, then Theorem 1.1 implies a constraint on the sign assignment ε. Furuta, Kametani and Minami proved that a spin manifold which has the same rational cohomology ring as K3#K3 has non-trivial Bauer-Furuta invariant for every spin structure [13] . Therefore, we obtain the following. Proposition 5.2. Let X be a smooth closed simply-connected spin manifold which has the same intersection form as K3#K3. Suppose an orientation-preserving smooth Z 2 -action on X is given, and let c 0 be the Spin c -structure which is determined by a spin structure. If b + . Therefore Theorem 1.1 implies BF(c 0 ) = 0. However this contradicts with the non-vanishing result for K3#K3 in [13] .
5(ii).
Atiyah-Bott's criterion for ε(p). Before going further, let us recall Atiyah-Bott's criterion for ε(p). Let X be a spin 4-manifold, and suppose that a smooth involution ι : X → X with isolated fixed points is given. When an ι-invariant metric is fixed, ι lifts to the frame bundle F as ι * : F → F . A spin structure on X is given by a double cover ϕ :F → F , whereF is a Spin(4) bundle. Suppose that ι lifts toF .
For distinct fixed points P and Q, we shall compare ε(P ) and ε(Q). For this purpose, we take a path s in F starting from a point y ∈ F P and ending at y ′ ∈ F Q . Then the path −ι * s has the same starting point and the end point as s, where "−" means the multiplication by −1 on each fiber. Thus, by connecting s with −ι * s, we obtain a circle C in F .
Then, Atiyah-Bott's criterion is given as follows.
Proposition 5.4 ([1]
). The preimage ϕ −1 (C) has two components if and only if ε(P ) = ε(Q). In other words, the preimage ϕ −1 (C) is connected if and only if ε(P ) = −ε(Q).
5(iii).
Edmonds-Ewing's construction of locally linear Z 2 -actions. To construct locally linear Z 2 -actions, we invoke the realization theorem by Edmonds and Ewing [10] . We summarize their result in a very special case for our purpose. (3) The G-signature theorem is satisfied, i.e., Sign(g, (V, Ψ)) = 0. Then, there exists a locally linear Z 2 -action on a simply-connected 4-manifold X such that its intersection form is Ψ, and the number of fixed points is n + 2.
Remark 5.6. Since the form Ψ is assumed even in Theorem 5.5, the homeomorphism type of X is unique by Freedman's theorem.
For our application, we need to recall their construction precisely. Their construction is an equivariant handle construction.
Let B 0 be a unit ball in C 2 on which Z 2 acts by multiplication of ±1. Let us take a Z 2 -invariant knot K in S 0 = ∂B 0 . Then a framing of K can be represented by an equivariant embedding
In particular, 0-framing is represented by f 0 : S 1 × D 2 → S 0 such that f 0 (S 1 × {0}) = K, and f 0 (S 1 × {1}) has linking number 0 with K, and the Z 2 -action on S 1 × D 2 ⊂ C 2 is given by g(z, w) = (−z, −w). An arbitrary r-framing of K can be represented by a map f r :
r−1 w). For a given K and a framing r, we can construct a 4-manifold with a Z 2 -action as
The restriction of the frame bundle F of W to S can be identified with the SO(4)-bundle obtained by attaching D 0 ×SO(4) with D 1 ×SO(4) via the map f
In the above matrix, z −2 comes from the Euler class of the tangent bundle of S, and z −r comes from the r-framing. Note that the Z 2 -action on each D i × SO (4) is given by ι * (z, v) = (−z, −v).
Take a paths in S starting from P and ending at Q. Thens and ιs form a circleC in S, which divides S into two disks: (4) be the constant section given by s i (t) = (t, I), where I is the identity element of SO(4). Gluing s 0 and s 1 , we obtain the lift s ofs to F . Let C = s ∪ −ι * s. A spin structure on F | D + can be given by a trivialization of F | D + . We shall concretely give such a trivialization as follows. Let
, assume the identity map as the trivialization φ 0 = id :
. Gluing φ 0 and φ 1 along K + , we obtain a trivialization φ :
. Note that the trivialization φ above determines a double covering ϕ :F → F on D + which gives the spin structure. Now we will apply Proposition 5.4. Let p : D + × SO(4) → SO(4) be the projection, and C ′ be the circle in SO(4) given by C ′ = p • φ −1 (C). Then ϕ −1 (C) is connected if and only if C ′ represents the generator of π 1 (SO(4)) ∼ = Z 2 . Furthermore, by the construction above, we can see that C ′ represents the generator of π 1 (SO(4)) if and only if (r + 2)/2 is odd.
Thus, if each component of the link L T bounds an Z 2 -invariant embedded disk, the sign assignment ε of X 0 is determined by diagonal entries a ii mod 4 in the attaching matrix (a ij ).
5(iv).
Nonsmoothable locally linear Z 2 -action on K3#K3. Now, we construct a nonsmoothable locally linear Z 2 -action on X = K3#K3. Note that the intersection form of X is isomorphic to 4E 8 ⊕ 6H, where H is the hyperbolic form. By Theorem 5.5, if we give an appropriate Z 2 -action on the intersection form, then we have a locally linear Z 2 -action on X.
Let Z 2 act on Ψ = 4E 8 ⊕ 6H as follows. On a 2H summand, let Z 2 act by permutation of two H's. Similarly, on 2E 8 ⊕ 2E 8 summand, let Z 2 act by permutation of two 2E 8 's, and on the rest 4H trivially. The trivial part is denoted by T . 
Since the symmetric form represented by A is even, indefinite and unimodular, it is isomorphic to 4H. Therefore, we may assume Ψ| T is represented by the matrix A. Furthermore, the matrix A can be realized by a link whose every component bounds a Z 2 -invariant embedded disk as follows. Let p : S 3 → S 2 be the Hopf fibration. Take distinct 8 points in S 2 . Then the inverse image of 8 points by p forms a required link. As in §5(iii), by equivariant handle construction, we can construct a smooth action on a manifold X 0 with a boundary, and Theorem 5.5 says that this action is extended to the whole X as a locally linear action.
If the smooth action on X 0 is extended smoothly on the whole X, then we have ε(P ) = ±8 by Proposition 5.2. However, this is a contradiction because ε(P ) can not be ±8 by Proposition 5.7 for the action constructed on the matrix A. Thus, the smooth action on X 0 can not be extended to the whole X smoothly. Now, we claim more strongly that the locally linear action constructed above is nonsmoothable. First, we shall clarify what nonsmoothable means. Let X be an oriented topological manifold and G a finite group. If X admits a smooth structure and a smooth structure σ is specified, then we write the manifold with the smooth structure σ by X σ . Let LL(G, X) be the set of equivalence classes of orientation-preserving locally linear G-actions on X. Here, two locally linear actions are said equivalent if there exists a homeomorphism f of X such that one action is conjugate to the other by f . Similarly, let C ∞ (G, X σ ) be the set of equivalence classes of orientation-preserving smooth G-actions on X σ . Here, the equivalence of two smooth actions is given via a diffeomorphism of X σ . Then we have a forgetful map Φ σ : C ∞ (G, X σ ) → LL(G, X) forgetting the smooth structure.
Definition 5.9. A locally linear action is called nonsmoothable with respect to the smooth structure σ if its class is not contained in the image of Φ σ .
Let X σ be a closed smooth 4-manifold and G = Z 2 . Since a spin structure on X σ is defined from the tangent bundle, the definition implicitly uses the smooth structure on X σ . Hence, at present, the sign assignment ε seems to depend on classes of C ∞ (G, X σ ). We claim that the sign assignment can be defined for locally linear actions, and it depends only on classes in LL(G, X). As in [9] , topological spin structures on topological manifolds can be defined as follows. An oriented topological n-manifold M has the tangent micro bundle τ M. By Kister-Mazur's theorem [17] , τ M can be identified with a R n -bundle τ ′ M whose structural group is the topological group STop(n) which consists of orientationpreserving homeomorphisms of R n preserving the origin. It is known that, when n ≥ 2, the inclusion SO(n) → STop(n) induces isomorphisms of π 0 , π 1 and π 2 . (See [16] and [12] .) Hence there is the unique double covering ϕ 0 : SpinTop(n) → STop(n). Let F be the principal STop(n)-bundle of "frames" of τ ′ M. Then, a topological spin structure is given by a double covering ϕ :F → F whose restriction to each fibre is ϕ 0 .
Suppose that we are given a locally linear Z 2 -action on a simply-connected topological 4-manifold X with isolated fixed points. Then the tangent micro bundle τ X is Z 2 -locally linear in the sense of [18] , and the corresponding R n -bundle τ ′ X becomes a Z 2 -equivariant bundle. Let F be the principal STop(4)-bundle of frames of τ ′ X. Then, a Z 2 -action on F is induced from that on τ ′ X. By considering as in [1] and [9] , we see that the Z 2 -action is even type if and only if fixed points are isolated. Now, we can define the sign assignment by using Atiyah-Bott's criterion itself on the topological spin structure ϕ :F → F as follows. Since the action is assumed locally linear, on the fiber of F over each fixed point P , there is a point y P which is mapped to −y P by the Z 2 -action, where "−" means the multiplication of −1 which is considered as an element of SO(4) ⊂ STop(4). For distinct fixed points P and Q, by taking a path s connecting such a y P with such a y Q , we can define the sign assignment as in Proposition 5.4: This definition does not depend on smooth structures, and is well-defined if X is simplyconnected. Furthermore, if the action is realized by a smooth action, (5.11) ε ′ (P, Q) = ε(P )ε(Q). Now, we complete the proof of Theorem 1.3.
Proof of Theorem 1.3. We have a locally linear action constructed from the matrix A in (5.8) . If this action is smoothable for a smooth structure, then ε(p) must be ±8 by Proposition 5.2. However, this is impossible by Proposition 5.7 and the relation (5.11).
5(v).
Nonsmoothable locally linear Z 2 -action on K3. The argument in previous subsections enables us to prove Theorem 1.4. The proof is parallel to that of Theorem 1.3.
Since both k + and k − are even and Sign(K3) = −16, (5.1) implies the following constraint.
Proposition 5.12. Let X be a simply-connected spin manifold which has the same intersection form as K3. Suppose that an orientation-preserving smooth Z 2 -action on X is given, and let c 0 be the Spin c -structure which is determined by a spin structure. If b 1 1 1  1 0 1 1 1 1  1 1 0 1 1 1  1 1 1 2 1 1  1 1 1 1 2 1  1 1 1 1 1 
Since the symmetric form represented by B is even, indefinite and unimodular, B is isomorphic to 3H. By using the Hopf fibration, we can find a link representing the matrix B whose every component bounds a Z 2 -invariant embedded disk. As in §5(iii), by equivariant handle construction, we obtain a locally linear Z 2 -action associated to B. If this action is smoothable, the lift of the action to the spin structure should satisfy ε(p) = ±8 by Proposition 5.12. However this is impossible by Proposition 5.7 and the relation (5.11). Thus, Theorem 1.4 is established.
